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Abstract
The varying speed of light theories have been re-
cently proposed to solve the standard model prob-
lems and anomalies in the ultra high energy cosmic
rays. These theories try to formulate a new relativ-
ity with no assumptions about the constancy of the
light speed. In this regard, we study two theories
and want to show that these theories are not the
new theories of relativity, but only re-descriptions
of Einstein’s special relativity.
PACS numbers: 03.30.+p, 11.30.Cp
1 Introduction
The varying speed of light theories has taken much
attraction recently [1]. These theories have been
proposed to solve some problems in the standard
model cosmology, viz. the horizon and the flatness
problems, and the anomalies in ultra high energy
cosmic rays and TeV photons. The idea is that, may
be Einstein’s special relativity needs some modifi-
cations in very high energies or very large scales.
Einstein’s special relativity is based on the fol-
lowing two principles:
1. The relativity principle: The physical laws are
the same in all inertial frames.
2. The constancy of the speed of light: The speed
of light is independent of the speed of observer
and source.
These two principles, combined with some assump-
tions about the homogeneity of space and time, and
isotropy of space, lead to Lorentz invariance.
One may ask the following question: “What if
one relaxes Einstein’s second postulate?” That is,
what if one assumes that the speed of light, being
finite, need not to be constant. There are some
arguments, showing that if one assumes that the
speed of light is finite, there is no way out of its
being a universal constant [2, pp. 1–9]. In other
words, there is no way out of the Lorentz group
being the local symmetry group of our spacetime.
Now, there are some efforts to construct theo-
ries, alternative to the special relativity, in which
the speed of light is not a constant. These are
called “varying speed of light” theories (VLS). The
Fock–Lorentz (FL) [3] and Magueijo–Smolin (MS)
[4] transformations are two important examples of
such theories. This article is a set of comments
about these theories.
The main point is that these theories are basically
re-description of Einstein’s special relativity in non-
cartesian coordinates coordinates. This result is in
agreement with those found by Ahluwalia-Khalilova
[5, 6] and Grumiller et.al [7].
2 Fock–Lorentz Transforma-
tions
These transformations were obtained firstly by Fock
[3] with no assumption about the constancy of light
speed. In Fock’s argument the most general trans-
formations between two systems that are in uni-
form motion with respect to each other are linear-
fractional transformations. Recently, the same
transformations are re-derived by Stepanov [8, 9]
and Manida [10].
The FL transformations between systems S and
S′ that are in relative motion with constant speed
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v (along the common x-axis) are:
t′ =
γ(t− v
c2
x)
1 + λvγx− λc2(γ − 1)t , (1)
x′ =
γ(x− vt)
1 + λvγx− λc2(γ − 1)t , (2)
y′ =
y
1 + λvγx− λc2(γ − 1)t , (3)
z′ =
z
1 + λvγx − λc2(γ − 1)t , (4)
where γ = (1− v2
c2
)−
1
2 , c = 299, 792, 458ms−1, and λ
is a quantity with dimensions L−2T , related to the
Hubble’s constant through H ∝ λc2. If we assume
H ≃ 102km sec−1Mpc−1, we have λ ∼ 10−35m−2 s,
which shows that for all conceivable lengths and
velocities, the denominators are very close to 1.
Therefore, these transformations are very close to
the usual Lorentz transformations.
The FL transformations form a group, which is
isomorphic to the Lorentz group. In fact, the FL
transformations are a non-linear representation of
the Lorentz group.
The most important difference between FL and
usual Lorentz transformations is the variability of
light speed. The speed that left invariant by the FL
transformations instead of c is
C(t,x) =
∣
∣
∣∣
c+ λ c2 x
1 + λ c2 t
∣
∣
∣∣ (5)
here c = c nˆ, where nˆ is a unit vector, and c is the
constant 299, 792, 458ms−1; and C(t,x) is a func-
tion of space and time. C is a decreasing function
of time [8].
It is easily seen from the FL transformations that
these transformations left invariant the expression
c2 t2 − x · x
(1 + λ c2 t)2
(6)
that is
c2t2 − x · x
(1 + λ c2 t)2
=
c2 t′2 − x′ · x′
(1 + λ c2t′)2
. (7)
Now, it is well known [8] that the FL spacetime is
a Lorentzian spacetime with the following metric:
ds2 =
1− λ2 c2 x · x
(1 + λ c2t)4
c2 dt2 +
2λ c2 x · dx dt
(1 + λc2t)3
− dx · dx
(1 + λc2t)2
(8)
Although this is a rather complicated metric, it can
be shown that its Riemann tensor vanishes identi-
cally. Therefore, this spacetime is locally isometric
t
t
−∞
+∞
T
X
t = 1
t = 2
t = −2
x = 1/λc x = −1/λc
Figure 1: FL spacetime diagram in terms of (T, ,X)
coordinates. FL coordinates t and x is drawn as
horizontal and radial lines.
to a part of the Minkowski spacetime. In fact, in
the new coordinates
T =
t
1 + λc2t
, (9)
X =
x
1 + λc2t
(10)
the metric reads
ds2 = c2dT 2 − dX2 − dY 2 − dZ2. (11)
Let’s investigate the meaning of this transfor-
mation. Note that T is the temporal coordinate,
and X = (X,Y, Z) are cartesian coordinates, in
an inertial frame. Coordinates t and x := (x, y, z)
are being defined through these relations. Invert-
ing this transformation, we get t = T/(1 − λ c2 T ),
x = X/(1− λ c2 T ). It is obvious that these trans-
formations are not well defined on the hyperplane
T = 1/
(
λ c2
)
. This hyperplane is illustrated as a
dashed line in fig 1. From T = t/(1 + λ c2 t), or
its equivalent t = T/(1 − λ c2 T ), we know that
the sections T = constant, are the same as the
sections t = constant; only the labelling is differ-
ent. Note that the section T = 1/
(
λ c2
)
, is a
hyperplane of discontinuity in t. Now from x =
X/(1−λ c2 T ), we see that the lines x = (x0, y0, z0)
are the lines X = x − λ c2 xT . This means that,
as far as λ c2 |x| < c, one can interpret the line
x = (x0, y0, z0) as the worldline of a massive parti-
cle, or an observer. In other words, the set of lines
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XT
τ = constant β = constant
Figure 2: The Milne spacetime diagram in terms
of (T,X) coordinates.
− 1
λ c
< |x| < 1
λ c
, which lie inside the lightcone with
vertex (T = 1/
(
λ c2
)
, X = 0, Y = 0, Z = 0), can
be interpreted as the worldlines of point observers.
Therefore, inside the lightcone indicated in Fig. 1,
one can interpret x and t as spacial and temporal
coordinates.
In terms of these new time and space coordinates,
the FL transformations (1-4) reads
T ′ = γ(T − v
c2
X), (12)
X ′ = γ(X − vT ), (13)
Y ′ = Y, (14)
Z ′ = Z (15)
This is the usual Lorentz transformations for
(T,X, Y, Z) coordinates. Thus, the FL transforma-
tions is solely a re-description of Einstein’s special
relativity in the unusual coordinates. Although this
is quite well known, we think people do not pay
enough attention to it.
It is useful to mention that the FL spacetime is
the same as Milne spacetime. The Milne spacetime
metric is ds2 = dτ2 − τ2dβ2 and its spacetime dia-
gram is shown in Fig.2. In Fig.2 the τ -constant hy-
perbolae and the β-constant lines specify the Milne
coordinates. The relation between the Milne co-
ordinates (τ, β) and the Minkowskian coordinates
(T,X) is
τ =
√
T 2 −X2, (16)
tanhβ =
X
T
. (17)
By means of these relations one can obtain the re-
lation between the FL coordinates (t, x) and the
Milne coordinates (τ, β).
τ =
√
t2 − x2
1 + λc2t
, (18)
tanhβ =
x
t
. (19)
All phenomena that are mentioned about the FL
spacetime can also be seen in the Milne spacetime.
Thus it seems that light speed is variable in this
spacetime, too. Let us define the light speed as
coordinate speed. From
ds2 = dτ2 − τ2dβ2 = 0, (20)
we get
clight :=
dβ
dτ
=
1
τ
. (21)
With this definition, the light speed is large at
initial moments and decrease with Milne time
τ . Therefore, the light speed that is variable in
Stepanov and Manida viewpoint is the coordinate
speed.
It is interesting to consider some particles in the
origin of the Milne spacetime at τ = 0. These parti-
cles move away in the direction of the β-coordinates
with passing time. This picture is the Milne enlarg-
ing universe picture and the rate of this enlarge-
ment depends on the λ parameter, which is the
Stepanov’s [9] result about the Hubble’s constant
H ∝ λc2.
3 Magueijo-Smolin Transfor-
mations
Magueijo and Smolin generalize Fock’s idea to the
momentum space and found transformations that
left invariant the Planck energy [4, 11]. Note that
by the usual linear action of the Lorentz boosts on
the four-momenta of particles, the Planck energy is
not invariant. However, one can define a non-linear
action of the Lorentz boosts on the four-momenta
of particles, such that a specific energy scale, to
be called the Planck scale, is invariant. When sys-
tems S and S′ are in relative motion with constant
speed v (along the common x-axis), these non-linear
transformations read
p′
0
=
γ(p0 − vc px)
1 + ℓ(γ − 1)p0 − ℓγ vcpx
, (22)
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p′x =
γ(px − vcp0)
1 + ℓ(γ − 1)p0 − ℓγ vcpx
, (23)
p′y =
py
1 + ℓ(γ − 1)p0 − ℓγ vcpx
, (24)
p′z =
pz
1 + ℓ(γ − 1)p0 − ℓγ vcpx
, (25)
where ℓ is a quantity with dimensions M−1L−1T ,
related to the Planck length lp through ℓ ∝ lp/h¯.
(From now on we put h¯ = 1, so that ℓ is the Planck
length.)
These transformations are also, a non-linear rep-
resentation of the Lorentz group in the momentum
space, and depend on the ratio of the particle en-
ergy to Planck energy. If the particle energy is very
small compared to the Planck energy, then these
transformations become the usual Lorentz transfor-
mations. But looking at these transformations, we
can see that changing 4-momentum pµ to
Pµ =
pµ
1− ℓp0 , (26)
then MS transformations become
P ′
0
= γ(P0 − v
c
Px), (27)
P ′x = γ(Px −
v
c
P0), (28)
P ′y = Py, (29)
P ′z = Pz (30)
These are, the same usual Lorentz transformations
for momentum space. Therefore, the MS transfor-
mations, like the FL ones, are only re-description of
the usual Lorentz transformations in the unusual
coordinates. Also, it is easily seen that MS mo-
mentum space is the interior of the light-cone in
the Minkowski momentum space. The MS momen-
tum space diagram is a figure like Fig.1. Also, as
in the FL case all MS results can be obtained from
Einstein’s special relativity by using the coordinate
transformations (26). For example, ‖p ‖2 invariant
in the MS formalism can be viewed as
‖p ‖2 = ηµνpµpν
(1− ℓp0)2 = ηµνPµPν = ‖P ‖
2, (31)
where ηµν = diag(−1, 1, 1, 1) is the Minkowski met-
ric.
After giving the momentum transformations (22–
25) by Magueijo [4], some people like Mignemi [12]
and Magueijo himself [13] tried to find correspond-
ing transformations in spacetime. Although, they
approached the problem in different ways, they ob-
tained the same result. Their transformations be-
tween two observers that are in relative motion with
constant speed v in two dimensions are
t′ = ∆(t cosh ξ − x sinh ξ), (32)
x′ = ∆(−t sinh ξ + x cosh ξ), (33)
where
∆ = 1 + p0ℓ(cosh ξ − 1) + p1ℓ sinh ξ, (34)
ξ is the rapidity parameter and ℓ is the Planck
length. The problem with these transformations
is their energy and momentum dependence: Space-
time is a set of events to which we usually do not
assign energy and momentum. Events occur in def-
inite positions and times and differ from particles
that have definite energies and momenta. Thus, the
energy and momentum dependency of the space-
time transformations picture is hard to be mean-
ingful.
However, the reverse procedure has no diffi-
culty. For example, we can look for the momentum
transformations corresponding to the FL spacetime
transformations. In this case we have for two di-
mensions
p′0 = ∆˜ [cosh ξ + λt (cosh ξ − 1)] p0
+ ∆˜ [sinh ξ + λx (cosh ξ − 1)] p1, (35)
p′1 = ∆˜ [sinh ξ + λt sinh ξ] p0
+ ∆˜ [cosh ξ + λx sinh ξ)] p1, (36)
where
∆˜ = 1 + λx sinh ξ − λ(cosh ξ − 1)t, (37)
and λ is a small quantity related to Hubble’s con-
stant. In these transformations, momenta depend
on the position and time. This is not absurd, be-
cause a classical particle, at each instant, is at a
definite position.
4 Conclusion
It is outlined that the MS and FL transformations
are only re-descriptions of Einstein’s special rela-
tivity in one portion of the Minkowski spacetime.
In other words, Einstein’s special relativity still re-
mains valid, and these transformations are only de-
scriptions of the special relativity in the language
of non-cartesian coordinates that lead to the appar-
ent variability of the speed of light, and apparent
violation of the Lorentz invariance.
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